The force exerted on an iron part in a magnetic field may be calculated by a number of different methods, all of which give equivalent force distributions confined principally to a surface. Seven different methods, giving rise to five different surface force intensities, are shown to result in the same total force. Additional volume force components are obtained and a new expression for the actual distribution of force, consistent with all of the methods of calculation, is derived. A common interpretation of the well-known Maxwell field stresses in iron is shown to be incorrect. When the field is specified numerically the calculation of force in terms of surface integrals has certain advantages over the virtual-work method, and it is shown that simple analytic expressions for force which are usually obtained in this way may be easily derived as surface integrals. Practical applications are considered. 
SUMMARY
The force exerted on an iron part in a magnetic field may be calculated by a number of different methods, all of which give equivalent force distributions confined principally to a surface. Seven different methods, giving rise to five different surface force intensities, are shown to result in the same total force. Additional volume force components are obtained and a new expression for the actual distribution of force, consistent with all of the methods of calculation, is derived. A common interpretation of the well-known Maxwell field stresses in iron is shown to be incorrect. When the field is specified numerically the calculation of force in terms of surface integrals has certain advantages over the virtual-work method, and it is shown that simple analytic expressions for force which are usually obtained in this way may be easily derived as surface integrals. Practical applications are considered. (1) INTRODUCTION An important phenomenon underlying the operation of most electromagnetic apparatus is the mechanical force which is exerted on an iron part in a magnetic field. Such forces are usually explained and calculated in terms of the virtual-work principle, 1 
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2> 3 which provides a powerful method of analysis leading to simple expressions in terms of rates of change of inductance when saturation and hysteresis may be ignored. When this is not the case, and when the magnetizing windings are distributed, the virtual-work method is less simple, and it tends to produce inaccurate results when the small differences in field energy produced by the virtual displacement have to be evaluated numerically. It is also open to objection in principle, since it suggests that, when the magnetization is non-linear, the force is essentially dependent on the changes produced by a displacement of the iron part concerned, rather than on the field configuration associated with its specified position.
An alternative method of approach is to express the mechanical force in terms of an integral over a surface (usually the iron Correspondence on Monographs is invited for consideration with a view to publication.
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surface) supplemented in some instances by an additional volume integral. Perhaps the best-known example is the calculation of the force on the equivalent magnetic poles in the iron surface, but other methods (including the energy principle) may be used, as described in Section 2. Most of these methods are well known, but their practical application appears to have received little attention. One possible reason for this is that, in many problems in which the virtual-work method leads to a very simple calculation when the field configuration is suitably idealized, the way in which the same result may be obtained by surface integration is less obvious. An example is the force tending to pull two poles, or teeth, into alignment (Section 5.1). In addition, the simplicity of the surface-integration principle tends to be obscured by the fact that the different methods of calculating force in this way lead to several different expressions for the surface force intensity. The equivalence of these expressions is by no means obvious, and is confused by the fact that most, if not all, have been interpreted by different writers as representing the actual force distribution within the iron. The differences have led to a number of discussions of apparent anomalies (e.g. References 4-7), and in other instances the different methods have been incorrectly applied.
The object of the paper is to examine the different surfaceintegral expressions for force on iron parts and to investigate their equivalence and practical application. The methods are compared and assessed only in so far as they offer means of calculating total forces; a review of the mechanism by which the force is exerted and of the actual force distribution within the iron requires too lengthy a treatment to be included. The discussion relates specifically to iron parts, since forces on ferromagnetic materials are of the greatest practical importance, but all of the methods, and the equations deduced, may be applied by analogy to the forces acting on dielectrics in electric fields.
The M.K.S. rationalized system of units is employed. In one respect, namely the substitution of r) 0 for /x 0 and /x for fx, r , the symbolism is that suggested by Cullwick and Carter. 20 This change is designed to avoid the unfortunate confusion between the properties of polarized materials and the electromagnetic relations in vacuo which has become associated with the M.K.S. system. 
Distributions
The most direct method of calculating forces on magnetized iron is to integrate the average forces on the dipoles which are the source of magnetization. This results, however, in a volume* as well as a surface distribution of force 8 
'
9 (whether or not the permeability is constant or the iron carries conduction currents), and it is therefore of no practical importance as a means of calculating total force. Excluding also the direct application of 20 CARPENTER: SURFACE-INTEGRAL METHODS OF the virtual-work method, there are at least seven other different ways in which expressions for force can be obtained.
First, any distribution of poles or currents, or both, which, when put in place of a piece of magnetized iron, reproduces the magnetic-field conditions at all points outside the iron, must experience the same total mechanical force as the part which it replaces. A simple example is provided by the method of images, in which the force acting on a large iron plate due to any system of magnetic sources is the force which would act on the image sources. A more general form of equivalent source 9 '
10 is a volume distribution of poles of density
combined with a surface distribution of density This is a complete equivalent source provided that the iron carries no conduction currents and contains no 'free poles'. An alternative equivalent source 10 subject to the same restriction is a volume distribution of currents of density
combined with a surface density
where the direction of J s is at right angles to M t .
To illustrate the significance of these equations consider a cylinder of iron magnetized uniformly in a direction parallel to its axis. Eqn. (16) states that the polarization is equivalent to a distribution of equal but opposite magnetic polarities over the two end faces, and eqn. (2b) shows that the iron may also be replaced by a uniformly wound thin coil forming a current sheet coincident with the curved surface. If the polarization is not uniform and the permeability is not constant the surface distribution must be supplemented in each case by a volume distribution inside the cylinder. Both these sources are equivalent in that, when put in place of the iron, they reproduce the magnetic field conditions at all points outside the iron surface. Inside this surface (where there is now no iron) the fields cannot be the same; in the one case the magnetic field strength but not the flux density is reproduced, whereas in the other the flux density in the model, but not the field intensity, corresponds to that in the iron. The total mechanical force (if any) acting on the two equivalent sources must be the same (although the force distributions are wholly different), and this force must also be the same as that which acts on the iron.
In general, an infinite number of equivalent sources may be devised in which both poles and currents are combined. The most important is that obtained by 'terminating' the field at the surface of the iron, or, in general, at any surface external to it but including no other sources, so that the field is everywhere zero inside the surface chosen.
11
The equivalent source thus defined consists of a surface distribution of poles of density
Ps -(3fl)
where H n is the normal component of the field on the outside of the surface, combined with a surface current of density
directed at right angles to the tangential component, H t , of the external field. This 'magnetic model' of the iron is not subject to the restrictions of the previous two but is a complete equivalent of all the field sources enclosed within the surface. In particular, it is immaterial whether the permeability of the iron is constant, single-valued or otherwise; in all cases the poles and currents are confined entirely to a surface.
(2.2) Forces on Equivalent Pole and Current Distributions The surface tractions associated with each of the three equivalent sources defined by eqns. (l)-(3) may be expressed in terms of the magnetic field intensity at the surface; the value immediately outside the surface is chosen, since this is the same for each of the three 'magnetic models'. The field vectors on the two sides of the iron surface are related by the continuity conditions:
The surface pole intensity in the equivalent pole distribution defined by eqn. (1) 
* Field components are those on outside of surface (in vacuo). Normal (n) direction positive outwards, t Due to 'free polarity' p and conduction current J.
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-value H n outside and HJ^ inside, so that (by subtraction of that part of the field which is due to the surface poles themselves) the -normal component of force is from which the expression given in the 4th column of Table 1 is derived. The same reasoning may be applied to obtain the components •of force on the surface currents given by eqn. (26), except that here the tangential component of the field is discontinuous.
In both cases the surface traction gives the entire force on the iron when there are no conduction currents in the iron and Avhen the permeability is uniform [so that the volume distributions given by eqns. (la) and (2b) are zero]. The volume force components which are due to non-uniform permeability may be readily derived, but they have no practical utility. The force components due to conduction currents in the iron are given in Section 3.
The third equivalent source consists of only a surface distribution, as given by eqn. (3), and the force associated with this •gives the whole of the force on the iron in all circumstances. The calculation of this surface traction is complicated by the fact that both tangential and normal components of the field are now discontinuous. This difficulty is most easily circumvented by supposing that the magnetic poles and currents given by eqns. (3d) and (3b), respectively, lie on two different surfaces separated by a negligible distance. Only one component of the field is then discontinuous at each surface, and the discontinuity represents the contribution made by the respective source. Each of the surface forces may then be derived in exactly the same way as before. The result obtained by adding themwhich is the same whether the poles or the currents are assumed to be on the inside or the outside-is given in line 3 of Table 1 .
The three surface tractions obtained in this way are entirely different from each other. They will, however, give the same total force (as is proved in Section 4), provided that the assumptions on which the first two depend are valid.
(2.3) Surface Force in Terms of Energy
The energy principle can be applied in a well-known manner 10 ' 12 to calculate not only total force but also an equivalent force distribution. Assuming that there are no conduction current or 'free pole' sources included within the iron, and that external sources are constant, the rate of change or total potential energy when an iron part is moved in any arbitrary direction, where the integral extends over the volume of the iron part only. When the permeability, \i, is uniform the force density corresponding to the integrand is zero everywhere except at the iron surface. The surface force intensity may be calculated by assuming that the permeability varies in a continuous manner through the surface. The result, which is everywhere normal to the surface, is given in Table 1 , line 4.
(2.4) Maxwell Stresses in Vacuo
The total force on any group of field sources may be found by drawing a closed surface round them and integrating the Maxwell field stresses in vacuo over this surface. 13 The stresses consist of a tension along the lines of force of magnitude \r\ §H 2 and an equal pressure at right angles to them. Resolving in the normal and tangential directions relative to an arbitrarily chosen surface, 14 the component of stress directed away from the surface is F n = \y] Q (H 2 -H?) and the tangential component is
This force is the same as that on the combined surface polesurface current equivalent source (Table 1 , line 3), so that these two methods of calculating force are essentially the same. However, in the Maxwell stress method the above components represent the force transmitted through the surface to the sources inside, whereas in the equivalent-source method the force acts on the surface. Both methods give the force on an iron part irrespective of saturation or hysteresis, and both give zero resultant force if the surface encloses no field sources.
(2.5) Second Maxwell Stress System Maxwell 13 proposed a system of field stresses in the interior of dielectrics and these may be applied by analogy 8 ' "• 15 to magnetically polarizable media (whether or not the permeability is constant). The tensile component of stress is \ix-q Q (H { ) 2 along the lines of force, again combined with a transverse pressure of the same magnitude. Thus the components resolved in the normal and tangential directions relative to any interior surface in the iron are
where primes denote field values in the interior of the iron. When the permeability is uniform and the iron contains no conduction current or 'free pole' sources, then, by direct comparison of the two stress systems, the integration of eqn. (5) over any closed surface within the iron gives zero resultant force, i.e. there is no volume force acting on the iron. It follows that the difference between the field stress on the inside of the iron surface and that on the outside gives the same result when integrated as does the exterior stress alone. Thus the force associated with the differential surface traction is equal to the force on the iron. The expression which is obtained for the surface force is the same as that given by the energy method (Table 1 , line 4).
The volume force associated with the interior field stress is no longer zero when the permeability is not uniform and when conduction currents are present. Under these circumstances eqn. (5) does not give a zero result when integrated over the inside of the iron surface, and hence the differential surface traction no longer gives the force on the iron. In effect, the component of force which is subtracted when the interior stress is taken into account must be subsequently added back again as a volume force (conduction currents are taken account of in this way in Section 3.4). Clearly, for the purposes of force calculation, there is no significant practical advantage to be gained by taking the interior field stress into consideration. It eliminates the tangential component of the surface force, but this is, in any case, entirely negligible for all normal values of permeability.
(2.6) Third Maxwell Stress System Maxwell 13 deduced a further system of 'interior' field stresses specifically in terms of magnetically polarizable media. Assuming a constant scalar permeability, the stress consists of a tensile component along the field lines of magnitude
combined with a transverse pressure of magnitude %rj o (H') 2 . This resolves into components normal and tangential to a surface:
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This stress system is mentioned in the literature less often than the previous one, but where it is described it is customarily applied to the calculation of force in exactly the same way, i.e as a surface integration only (see, for example, Reference 16). In fact, the differential surface traction, which is . . (la)
does not represent the total force on the iron. 8 
There is, in addition, a force on each volume element even if the permeability is constant and there are no conduction currents. Maxwell's derivation is based specifically on a volume force whose x-component is
in terms of the polarization, M, and the conduction current, /, 'free poles' being excluded. The calculation of total force from eqn. (6) Taking an element of side 8x, 8y, 8z ( Fig. 1) , the force in the x-direction on side A is, from eqn. (6a),
The contribution to the force on the element, in the same direction, due to face B is, from eqn. ] SxSy&z + Mo (9) which gives a force per unit volume in accordance with eqn. (8) when curl H' =J and div H' = 0.
Thus the volume element is not in equilibrium under the influence of the field stress only. By superposition, the force on any interior part of the iron is given by integrating eqn. (6) over the bounding surface, and, in particular, the total volume force acting on the iron is given by the integral of this equation over the inside of the iron surface. The component of force which is attributed to the interface itself [eqn. (7)] is obtained by subtracting this same integral from the integrated field stress on the outside of the surface. To obtain the total force the volume component and the surface component must be added together, when the two interior stress integrations cancel out and leave the force associated with only the exterior field stress-which is the force on the iron.
The third Maxwell stress method is therefore useless as a practical means of calculating total force. The surface force given by eqn. (7) is not the force on the iron, and when the component which must be added to it is evaluated as a surface integral the result is identical with the surface force obtained when the interior stress is ignored.
(2.7) Other Field Stresses As Heaviside, 11 O'Rahilly 15 and others have pointed out, there are many possible field stresses applicable to the interior of polarized media. Each different stress will be associated with a different volume force, but the total force acting on the iron will, inevitably, be given correctly provided only that the stress reduces to the proper value in vacuo (which is unique except for a constant).
For the purposes of practical calculation of total force, these 'interior' stresses are of interest only when they are associated with a zero volume force. The only stress which satisfies this condition is that described in Section 2.5, and even this gives the result as a surface integral only when there are no conduction currents and the permeability of the iron is constant. Table 1 depend on the assumption that the iron contains no field sources other than the polarization dipoles, i.e. they will in general give only that component of the total force which acts on these dipoles. The iron will experience additional forces if, besides being magnetized, it conducts electric current or if it has any 'freepoles' immersed in it, i.e. any magnetic polarity not accounted for by the polarization dipoles. The conduction currents form a possible source of this polarity in that they may be replaced by their 'magnetic-shell' equivalents, and a distributed polarity as well as a distributed conduction current will therefore be assumed to be present for the sake of generality. This is of obvious importance in the analogous electrostatic problem.
In practice, any currents which have a significant effect on the mechanical force will normally be confined to copper conductors placed in tunnels or slots, in which case the currents may be properly regarded as outside the iron. However, it may be convenient to lump together the forces acting on the copper and on the iron by ignoring the slot as such, i.e. the slot surface. In addition, the iron itself may occasionally carry large conduction currents.
In one case only, namely line 3 of Table 1 , the surface force expression is sufficient. Each of the remaining three expressions is obtained by subtracting from this result different force components (obtained by integrating over the interior of the iron surface) which are associated with the additional field sources, and these components have to be evaluated as volume integrals and added back again to obtain the total force. The required volume forces may be calculated by supposing that the current and free polarity which is distributed over each unit volume of the iron is concentrated in a cavity of negligible size. In the surface-pole equivalent model of the iron it is convenient to choose the shape of the cavity so that the total surface polarity on its walls is negligible when it contains no free polarity; this implies a shape denned by two parallel surfaces a negligible distance apart and oriented so that they are also parallel to both the field and the current vector. Under these conditions there is no resultant force on the cavity walls when the current is placed midway between them, and the additional force due to the current which is not accounted for by the integration over the outer surface of the iron is simply the force on the (imaginary) current-carrying conductor, i.e.
H'
per unit volume, where / is the conduction current density and the cavity field is related to the field H' in the iron by eqn. (4b) .
If the iron contains free polarity of density p, then, when this is placed in the cavity, the additional force per unit volume is similarly However, since div H' = p//x^0 there is induced polarity on the cavity walls of the opposite sign and of magnitude (1 -Ultip so that the total force acting, in addition to that accounted for by the integration over the exterior surface, is
(3.3) Volume Force in Surface-Current Model It is most convenient to choose the cavity so that, when it contains no conduction current, the total surface current in the walls is negligible. The cavity will therefore be supposed to have the same shape as the previous one, but to be oriented so that the field vector is perpendicular instead of parallel to it. When a magnetic pole is introduced it induces no resultant surface current in the cavity walls, so that the additional force is the force on the pole only. From eqn. (4a), this is
When a conduction current is present only that component which is normal to the field can be replaced by a concentrated current within the cavity; however, it is only this component which gives rise to an additional force. The force on the equivalent conductor is F = iJ>r) 0 J x H'. In addition, there are currents having the same sense induced in the cavity walls and these will add to the force. Since curl B' = IXTJQJ the magnitude of the additional current is (fx -1)/, and the total force additional to that resulting from the integration over the exterior surface is 2 H' (lib) 116) gives actual forces on conduction currents in the iron. They represent essentially arbitrary components of total force which are subtracted from the field stress in vacuo to obtain the surface traction. Similarly the apparent volume force which corresponds to the surface traction given on line 4 of Table 1 is that which is associated with the second Maxwell field stress on the interior of the iron surface. By comparison with the stress in vacuo, the volume intensity of this internal force is seen to be
and when this is not zero it must be integrated and added to the surface force.
The same result may be obtained using the energy method by considering the change in energy when the currents and poles are moved through the medium. This means that eqn. (12) gives the total mechanical force acting on field sources immersed in liquid or gaseous media. This is not, however, a purely magnetic force, but consists of the sum of a magnetic force and a hydrostatic pressure exerted by the surrounding fluid (e.g. Reference 12, p. 103). The ratio of these two components depends on the shape of the conductor in which the current flows, in the same way as the force on a conductor in a solid medium depends on the shape of the cavity made to contain it, and eqn. (12) gives no more insight than eqn. (10) or eqn. (11) into the actual magnetic forces associated with the conduction charges.
The volume force expressions are summarized in Table 1 .
(4) EQUIVALENCE OF FORCE EXPRESSIONS (4.1) Method of Verifying Equivalence The four expressions for force listed in Table 1 give entirely different force distributions both over the surface and within the volume of the iron, but all should integrate to give the same total force in all applications where the permeability is constant. The equivalence may be verified directly by calculating, by each of the methods, the force on an arbitarily chosen volume element of iron.
When the iron carries no conduction currents and its permeability is uniform, the apparent volume force is zero in all of the methods considered except the third Maxwell stress method (whose results are not included in Table 1 ). But if a volume element is isolated from the surrounding iron by cutting a narrow cavity, one of whose walls forms the surface of the element, a surface distribution of force must be taken into consideration. The element becomes an independent part on which the force acting can be measured experimentally and determined theoretically by each of the methods described. The calculation is relatively simple, provided that the width of the cavity is small, so that a negligible volume of material is removed and the field conditions are not appreciably modified anywhere except in the immediate vicinity of the cavity.* (4.2) Combined Surface-Pole/Surface-Current Equivalent The force expression given on line 3 of Table 1 is the most general. Choosing a Cartesian volume element, as in Fig. 1 , and expressing the force in terms of field values in the cavity, the component of force in the x-direction on face A is
-fa
The component acting on face B is
fa+ ! § ) (H x + ^S z ) 8x8y
• This also implies that the calculated force is unaffected by the cavity, and is therefore the actual force in the volume element. The method therefore appears to solve the long-standing problem'M 3 O f the actual force distribution. This is, however, irrelevant in the present context and will be discussed elsewhere.
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and expressions may be similarly written down for the forces on the four other faces. By adding the six components a general expression for volume force may be obtained, but since the result is required only for the purposes of comparison it is sufficient to assume constant permeability. Expressing the field components in the cavity in terms of the components in the iron [eqn. (4) (13) which is somewhat similar, but is not identical, to the expression deduced by Maxwell and used as the basis for his third stress system (Section 2.5)
The torque acting on the element can be similarly calculated from the tangential components of force on four of the faces. The result contains no first-order terms, so that the torque per unit volume is zero for a sufficiently small volume element.
(4.3) Alternative Methods of Calculating Force on Element
All the alternative methods of calculating force require the addition of a surface force and a force acting on the interior part of the element. The simplest is that given in line 4 of Table 1 (i.e. the virtual-work or second Maxwell stress method), in terms of which the force on face A is the x-direction is (the field values being those in the cavity) and the only other face which contributes is the opposite one. The force per unit volume acting on the entire surface is therefore in terms of field components in the iron. The appropriate volume force is given by eqn. (12) . When the two components are added the total force per unit volume is in accordance with eqn. (13) . The torque is clearly zero.
The force expressions given on the first two lines of Table 1 may be applied in exactly the same way, except that in both instances there will be components in the x-direction acting on all six faces and in the interior of the element. By either method the resultant is in accordance with eqn. (13) .
All the methods considered are therefore equivalent for a small volume element, and it follows that they must be equivalent for an iron part consisting of any number of such elements. The surface force components will cancel out at mutual interfaces and leave a resultant surface distribution over the outer surface of the iron only, plus a volume force distribution given by eqn. (10), (11) or (12), respectively. Table 1 , and this will be, almost invariably, the most suitable method for practical problems. One of its principal advantages does not appear to be sufficiently widely utilized, namely that the surface of integration need not be chosen to coincide with the surface of the iron part on which the force is required. Many examples of force calculation which give simple analytic results when appropriate assumptions are made are customarily analysed by the energy method, and yet the same result may be obtained as simply by surface integration, provided that the surface is suitably chosen.
A simple example is the force reaction between two salient poles, or teeth, tending to pull them into alignment (Fig. 2) . Assuming that the poles have infinite permeability and that there is a uniform-field region between adjacent pole tips and negligible field intensity at the remote tips, the alignment force is (14) where H is the field strength in the uniform-field region and g is the gap length. This result is obtained by the energy method by Moullin 4 and Tustin. 17 One method of verifying it as a surface integral is to choose a surface such as ABCD [ Fig. 2 which coincides with the pole faces on three sides, and is closed by supposing an indefinitely small air-gap within which the plane AB may be drawn. This fictitious gap is necessary, since the force given by eqn. (14) cannot be measured experimentally without including the other iron parts to which the pole is attached, or by making an actual air-gap. Under the assumptions specified there is no resultant component of sideways force contributed by the parts DC and CB of the surface, and there is no resultant force contribution due to AB, provided that the 'fringe' field of the main gap is negligible at the point A. The sideways force is therefore wholly accounted for by the face AD, and for this reason the force is customarily supposed to act on the side of the pole (or tooth).
When the surface is chosen in this way the sideways force is difficult to calculate analytically (although not numerically). But the difficulty disappears for other surfaces, both in this and in similar problems. If, for example, the plane AD is separated CALCULATING FORCES ON MAGNETIZED IRON PARTS 25 from the pole surface by a distance sufficient to bring it outside the fringe field, then it no longer contributes to the force, which now acts on the DC plane. The resultant integral, which can be evaluated by parts, gives a force in accordance with eqn. (14) . However, it is more convenient to localize the force to one particular part of DC, and this can be done by drawing the surface shown in Fig. 2(b) . Here DC is interrupted at GE so that DG coincides with the surface of the lower pole and EC with that of the upper one. DG and EC then contribute nothing to the force, which is therefore given by the normal pressure on the part GE; this can be evaluated by inspection and is in accordance with eqn. (14) . To simplify the result further it is desirable to separate BC from the pole surface as well as AD, so that B lies in a negligible field. There is then no resultant force on AB due to the fringe field of the lesser gap.
The surface-integration method has been found to be applicable in an equally simple manner to every other example which has been examined and in which an analytic result is obtainable by the virtual-work method. A further illustration of the choice of surface for a transverse-force, or torque, calculation is shown in Fig. 3 . The device illustrated, which is described by Tustin, consists of a stator with two windings in slots at right angles to each other and magnetizing a salient-pole rotor. The rotor is subjected to a torque which may be expressed as a function of the field intensities at AA' and BB', provided that the fringe fields set up at the various circumferential discontinuities do not interact, and provided that the permeability is sufficiently large. The same result follows by inspection from the surface of integration shown by the broken lines. (14) are not justified, the energy method, as customarily applied, 1 "
3 requires a numeric field solution before and after the virtual displacement. The displacement made must be large enough to produce a significant change in either flux or magnetomotive force. The change in field energy is then calculated; in general this involves integrating the flux/current curve for each turn of the magnetizing winding, and then summing the results for each of the field plots. When, on the other hand, the force is obtained as a surface integral, only one field solution is required* and no flux-current integration is necessary. Moreover, the numeric calculation may consist of only a minor modification of an analytic solution. For example, if the flux density on BC in Fig. 2 is not negligible, the additional force component due to it may be very simply and rapidly estimated and subtracted from eqn. (14) once the actual field distribution is known.
In practice, the information from which the force is obtained * This may be no direct advantage when calculating a force/displacement curve. There is, however, an advantage in accuracy, since no differencing is necessary.
will usually be given in the form of a field plot, as, for example, when the electrolytic tank is used. The surface integral must then be evaluated in terms of measured angles and distances, and the simplest finite-difference form to use is that suggested by Lehmann. 18 Suppose one part of the surface chosen is an equipotential such as PQ (Fig. 4) , which might coincide with the Hence the total force on PQ in this direction is
where Ay is drawn at right angles to the x-direction and
At = Ay cos 6
The flux increment, A®, is usually a constant and may be taken outside the summation, so that the field analysis reduces to a series of measurements of Ay. Exactly the same construction may be used if PQ is a flux line instead of any equipotential, and RS represents an increment AF m in m.m.f. The surface force is again normal to PQ and has the same magnitude, but its direction is reversed. Hence M c \2 . . . .
In problems in which an attempt is made to allow for saturation the magnetic equipotentials may have an appreciable inclination relative to the iron surface. Where this occurs along parts such as DG and EC in Fig. 2(6) of the surface of integration, it is most convenient to modify the latter so as to follow a zigzag path along the field equipotentials and flux lines, as in . (3b) , i.e. J s = H t . Thus the line integral of H t round any closed contour drawn in the surface gives the total surface current linking this contour. But, by Ampere's law, the line integral of the field intensity is determined by the conduction current flowing in the iron, from which it follows that the equivalent current, J s , corresponds to the actual current in the iron, but distributed over the surface in accordance with the above equation.
It follows that the torque on an ordinary slotted machine rotor may be expressed in terms of the torque which would act on the rotor conductors if they were placed in the air-gap. The rotor is magnetically equivalent to a distribution of poles and currents over a cylindrical surface passing through the tops of the teeth, the intensity of these sources being defined by eqn. (3) . When the permeability of the iron is infinite, each slot pitch in this surface contains a total current equal in magnitude to the corresponding slot current. The torque on the rotor is the same as that on this current, provided that the magnetic polarity is regarded as placed on the inside of the cylindrical surface and the current on the outside. When the permeability is not infinite the surface current differs slightly from the slot current.
The principle of equivalent surface distributions thus provides an exact basis for the orthodox treatment of slotted machines, in which the mean torque is shown to be the same as that which would act on the rotor currents when placed on the surface of an equivalent cylindrical rotor. The more exact model shows how these surface currents have to be distributed, in the actual air-gap field, so as to produce the same torque in all rotor positions as well as the same mean value. One result which follows from this is that the torque pulsations corresponding to the slot pitch do not disappear when the slots are closed, even if the permeability of the iron remains sufficiently large to be regarded as infinite, The effect of the slots is negligible only when they are sufficiently far from the surface for the tangential field component at the surface to be uniform over each slot pitch.
(5.4) Forces acting on Toroidal Electromagnet Five different surface-force expressions are obtained when eqn. (7) is added to those listed in Table 1 , and of these four differ by only very small amounts (i.e. by factors of 1/JU. or less) when the field at the surface of the iron has no tangential component. Because these differences are small, apparent anomalies arise if the attractive force tending to close an air-gap is assumed to act on the iron surfaces forming the two sides of the gap. Several writers 4 -5 ' 7 ' 16 > 19>20 ' 21 either analyse examples of such forces incorrectly or else point out apparent anomalies, the example generally treated being the split toroidal electromagnet (Fig. 6) . It is therefore instructive to calculate the force tending to pull the two halves of such a magnet together, using each of the expressions listed in Table 1 and taking account of all terms, whether small in magnitude or not. The calculations are simple if the core is assumed to be rectangular in section and if the air-gap is sufficiently short compared with its area for the fringe field to be negligible (i.e. the calculation refers to the limiting case as the gap is closed). Since the flux density is uniform it is reasonable to assume constant permeability.
The force is most easily obtained from the equivalent surface poles, since, for the toroidal configuration, the surface polarity is confined to the two sides of the air-gap. Hence, from Table 1 , Fig. 6 .-Toroidal electromagnet. line 1, the restraint which has to be applied to the iron at each air-gap is, per unit cross-section, (17a) where H g is the field in the gap. If the magnetizing winding is similarly split into two halves these are also subjected to a force tending to bring them together. This force is very easily calculated (by the Maxwell stress method) since it is unaffected by the presence of the core; it is (176) at each gap, per unit cross-section. Hence the combined force on both the core and winding is
in accordance with the Maxwell stress in the gap.
In terms of the equivalent surface currents the force on the iron is confined to the cylindrical surface. The force on this equivalent coil may be written down by inspection by the same method used to obtain eqn. (176), or it can be obtained by applying the appropriate surface-force expression in Table 1 , taking moments about the end of the half-core and integrating to find the force applied at the other end. By both methods the force is in accordance with eqn. (17a).
In terms of the combined surface-pole and surface-current equivalent the force given by eqn. (17c) acts on the end face of the iron. This is not, however, the force acting on the half-core, as there is an additional contribution from the two curved surfaces. The resultant of these is outwards, since the field strength is greater on the inside surface, and its value is given by eqn. (176), as can be shown by taking moments and integrating, or by inspection from the transverse Maxwell stress or other considerations. The total force on the iron is therefore in accordance with eqn. (17a).
According to the virtual-work method, the force which acts on the end-face is
--)H?
Again this must be supplemented by a radial force on the curved surfaces, giving in this case an inwards resultant and therefore increasing the pull. The contribution which this makes at the gap may be calculated by taking moments, as before, and the same total force is obtained. The example also shows one advantage to be gained by applying the energy method in the form of an equivalent surface force; when it is applied directly by considering the effect of a virtual displacement of the halfcore 21 the energy changes at the two curved surfaces are difficult to allow for and are easily overlooked.
The problem is analysed by du Bois, 19 Howe 5 and Carter 20 by the third Maxwell stress system, and the force on the iron calculated by applying eqn (7) to the end-face only. The result is not the actual force on the iron, but does correspond to that component of it which is due to the other half-core, as distinct from the effect of the magnetizing winding. However, the physical significance of this result is fortuitous and the difference between eqns. (7) and (17a) is explained entirely by the fact that the former does not represent the force on the iron. The Maxwell stress methods are, in principle, unable to distinguish between components of force due to different external field sources.
(5.5) Forces Acting on Straight Electromagnet In the toroidal electromagnet the force acting on each halfcore is accounted for by the force on the equivalent poles in the air-gap surfaces. In general this will be true only when there is no component of flux density normal to the iron surface at any other point in the system, and it is of interest to examine the application of the different surface-force expressions to an electromagnet in which this condition is not satisfied. A simple example consists of an infinitely long iron rod cut into two by an air-gap which is again supposed to have a negligible length/area ratio (Fig. 7) . The rod is magnetized by a uniform winding whose length is finite, but which is sufficient to establish a uniform field in the region of the air-gap. For this arrangement the force acting on each half-core is given most simply by the integral of the surface force whose tangential component is zero, so that there is no contribution from the cylindrical surface (that is by the virtual-work method). From Table 1 , the force on the iron, per unit cross-section, is (18) (where H g is the field in the gap); this is slightly different from the force which acts on the core of the toroidal electromagnet [eqn. (17a)].
In terms of the surface-pole equivalent, the difference between eqns. (17a) and (18) is due to the force on the magnetic polarity distributed along the cylindrical surface. This, as shown in the Appendix, can be evaluated quite simply by integration if the iron is assumed to have a small cross-section, and it gives an outwards component which, when subtracted from the force acting on the end-face, produces the total force given above. The remaining two surface-force expressions in Table 1 may be similarly integrated, with the same result.
(6) CONCLUSIONS Surface-integral methods of calculating forces, although well known in principle, have not been as widely applied in practice as their merits appear to warrant. The force on an iron part can always be obtained from a single field plot by integrating over a surface, irrespective of saturation, hysteresis and the presence or absence of conduction currents. The method is particularly simple to apply numerically; in addition, it gives analytic results as readily as the virtual-work method, provided that the surface is appropriately chosen.
The three Maxwell stress methods and four others examined lead to five different surface tractions. These have been proved to be equivalent, provided that, in all but one, an appropriate volume force distribution is added to the surface force when the iron carries conduction currents. The magnitude of the volume force differs in the four cases. Only that force distribution which is associated entirely with the surface has any practical significance as a method of calculating total force.
The system of field stresses proposed by Maxwell for the interior of iron parts is the only method which leads to volume distribution of force when there are no conduction currents present and the permeability is uniform. Because of this the surface traction associated with these field stresses does not, as is sometimes assumed, give the force on the iron. When the volume force is taken into account in a practical calculation the method reduces to the evaluation of the field stresses in vacuo only.
It is probable that none of the equivalent distributions examined corresponds to the way in which the force is actually exerted on magnetized iron. An alternative expression relating to a measurable force density, consistent with all of the methods of analysis, has been derived. The force tending to pull the two halves of the core together, in the electromagnet shown in Fig. 7 , may be written down by inspection from the virtual-work expression given on line 4 of Table 1 . Eqn. (18) results. The three other surface-force expressions listed in the Table include tangential components which must be integrated along the cylindrical surface of the core, as discussed in Section 5.5. The details of the calculation of force on the surface pole distribution are given here to illustrate the method; the expressions listed on lines 2 and 3 of Table 1 integrate in exactly the same way.
Consider a short length Sx of the core, distance x from the end of the magnetizing winding. Let the field intensity on the axis at one end of the element be H'\ then at the other it is H' + --hx. But div H' is zero, so that the radial field comox (18) . The method of calculation shows, moreover, that the force where H' c = HJ\i is the (uniform) field inside the coil. This is a function of the air-gap field only, and is independent of the force acts outward, so that it tends to separate the two half-cores, field distribution along the axis. Thus in this respect also the Thus the force result is consistent with the previous one.
DISCUSSION ON THE ABOVE MONOGRAPH
Mr. P. Hammond {communicated): Forces on iron parts are often very difficult to calculate, and the author has rendered a great service to designers, whose attention should be drawn particularly to the fact that the surface of integration need not be the same as the actual surface of the iron. Careful choice of the surface of integration may shorten the calculation considerably. This is well illustrated by Figs. 2 and 3 of the paper.
The author stresses the advantages of using equivalent surface distributions which reduce the field within the iron to zero and thus abolish the volume forces. These equivalent distributions are those used by Green* in his analysis of the electric field, and are often called Green's equivalent strata.
While the mathematical part of the paper is admirable, I am less happy about the physical content. Apparently the author considers that none of the methods he lists give insight into the actual force distribution. All the methods are apparently merely mathematical devices and the choice between them is a matter of convenience. Without wishing to appear ungrateful I would suggest that few engineers will be satisfied to leave the matter there. The designer must know where the forces act on the actual parts of his machine. Equivalent layers and Maxwell stresses just will not do. Nor is this request for knowledge unreasonable. There must be a definite answer in every case, and one could use strain gauges to discover it. There ought, therefore, to be a mathematical method which is physically more correct than the others.
This method, I suggest, is the method of surface and volume poles given by eqns. (la) and (lb). It is, of course, true that dipole interactions are insufficient by themselves to account for ferromagnetic behaviour. Nevertheless on a large-scale view, which averages the effect of many magnetic domains, the magnetic forces are correctly described by a pole distribution. From energy considerations it is the free magnetism at the ends of a domain that matters. It is surely there that the forces act. On this point of view the volume distribution merely becomes another surface distribution of poles. A divergence of mag-
• GREEN, G.: 'An Essay on the Application of Mathematical Analysis to the Theories of Electricity and Magnetism' (Nottingham, 1828), Article 7. netization within the iron draws attention to a lump of slag in the iron. On the surface of this lump there will be surface polarity. If we use good-quality material there will not be much divergence within the iron and so the forces will act on the iron surface. Although the method of surface polarity may not always be the most convenient one in calculations, I would suggest that it is the method that gives the closest physical insight.
Mr. C. J. Carpenter (in reply): Mr. Hammond has raised a most interesting topic in his reference to force distribution, and it is one which I should have liked to elaborate. However, it requires a much more detailed treatment than was possible in the monograph, and I must confine my remarks to two points. I do, as Mr. Hammond suggests, regard all the methods of analysis listed in Section 2 as mathematical devices, and I agree that it is not satisfactory to leave the matter there. But the paper does go further, and the force density expression derived in Section 4 [eqn. (13) ] does provide a possible answer.
There are several reasons for supposing that the equivalent poles and the forces associated with them have no physical significance, not the least of them being that the pole itself is a purely mathematical concept. The basic element of a polarizable material is the dipole, and the forces which act on the dipoles are not the same as those which act on the equivalent distribution of poles. For example, every dipole of the material -whether viewed at a macroscopic or at a microscopic levelwill experience a force unless it happens to be situated in a uniform field. The equivalent pole distribution, on the other hand, is associated with only a surface force (assuming constant permeability elsewhere and no conduction currents). The surface poles may be visualized as the ends of highly idealized and hypothetical dipole chains, and in this view the forces which act on the poles correspond to forces on elements which consist of half dipoles. Such an element is, of course, wholly fictitious.
Mr. Hammond suggests that energy considerations support the hypothesis of polar forces. However, the use of energy considerations to obtain force distributions (as distinct from total forces) is open to serious objections. In any case, as is shown in Table 1 , it gives a different result from the surface pole method.
